Topological quantization of self-dual Chern-Simons vortices on Riemann Surfaces 
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The self-duality equations of Chern-Simons Higgs theory in a background curved spacetime are 
studied by making use of the U(l) gauge potential decomposition theory and ^-mapping method. 
The special form of the gauge potential decomposition is obtained directly from the first of the 
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self-duality equations. Using this decomposition, a rigorous proof of magnetic flux quantization 
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in background curved spacetime is given. Furthermore, the precise self-dual vortex equation with 
topological term is obtained, in which the topological term has always been ignored. 
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In recent years, Chern-Simons gauge theories have attracted the attention in various subjects of both physics and 
mathematics._One of interdisciplinary topics attracted attention is so-called Bogomol'nyi-type vortices and self-dual 
In Chern-Simons gauge theories coupled to scalar matter field, a important model is Chern- 
Simons Higgs model. The progress to this direction has also been achieved in Chern-Simons Higgs model coupled to 



solutions 
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and Einstein gravity [6| 



, background gravity 
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In previous paper about Chern-Simons Higgs theory including gravity, none can indicate or prove quantization of 
magnetic flux, and moreover, the conventional self-dual vortex equation is everywhere away from the zeros of the 
scalar field and the equation is not meaningful at the zeros of the scalar field. In this paper we will discuss these 



two questions. Firstly, using Duan's 0-mapping theory 



E, 1 1 il u , 



we study the topological inner structure of 



Bogomol'nyi self-duality equations and obtain directly one special form of the gauge potential decomposition. Using 
this decomposition, we firstly give a rigorous proof of magnetic flux quantization in background curved spacetime , 
and one sees that the inner structure of this vortex labelled only by the topological indices of the zero points of the 
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complex scalar field. Secondly, we obtain the precise scalar field equation with a topological term, which differs from 
the conventional equation. 

This paper is organized as follows. In the next section, we briefly review Bogomol'nyi bound of the Chern-Simons 
Higgs theory coupled to background gravity and discuss the conventional self-duality equations, Sec. Ill presents one 
special form of the general U(l) gauge potential decomposition from the first self-duality equation. In Sec. IV we will 
give a rigorous proof of magnetic flux quantization. In Sec. V We then obtain the precise self-dual vortex equation 
with topological term. The conclusions of this paper are given in Sec. VI. 

II. REVIEW OF BOGOMOL'NYI BOUND OF THE CHERN-SIMONS HIGGS IN BACKGROUND 

GRAVITY 

In this section we review derivation of so-called Bogomol'nyi bound of the Chern-Simons Higgs theory coupled 
to background gravity. We consider a (2+l)-dimcnsional space-time M 3 , the metric g^ of the (2+l)-dimensional 
manifold M 3 is determined by 



where 7^ is the metric of two-dimensional spatial hypersurface and i, j, k = 1,2. The Chern-Simons Higgs Lagrangian 
is described by 



where <j> is the designated charged Higgs complex scalar field minimally coupled to an Abelian gauge field, j^^-A^F^x 
is the so-called Chern-Simons term in curved spacetime, and the covariant derivative is D^cj) = d^4> — ieA^ip. Since 
the Bogomol'nyi limit is our interest, the form of the scalar potential V(||</>||) is taken to be 



ds 2 = g^dx^dx" = N 2 (x k )dt 2 - j ij (x k )dx i dx j 
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The energy-momentum tensor is derived as usual 



-(D^D V 4> + DA*D^) - g^ -g pa D p (j)*D a (f> - V(\\<f>\\) 



(4) 



An appropriate rearrangement of stress components of the static energy-momentum tensor gives 
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where 7 y is inverse of the 7^, ^7 = ^/ det 7^ , and the magnetic field is defined by £? = — 
We obtain the first-order Bogomol'nyi equations from Eq. JSJ 



(5) 
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When the scalar field <j) is decomposed into its phase and magnitude: cf> — p^e™, the first of the self-duality 
equations © determines the gauge field: 



Ai = --diw ± -^V7ey7- 7fe 9fc hip. 



(7) 



We can see that the first equation expresses the spatial components of the gauge field Ai in terms of the scalar field. 
Substituting it into the second Bogomol'nyi equation © , the second equation reduces to a nonlinear elliptic equation 
for the scalar field density p: 
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where □ = -^9j(^/77 lJ dj ln((/></>*)) is the Laplacian and this equation is not solvable, or even integrable. 



(8) 



III. U(l) GAUGE POTENTIAL DECOMPOSITION OF SELF-DUALITY EQUATIONS 



It is well known that the complex scalar field <f> can be looked upon as a section of a complex line bundle with base 
manifold M Denoting the charged Higgs complex scalar field </> as 
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where (j> a (a = 1,2) are two components of a two-dimensional vector field <f> = (cj) 1 ,^ 2 ) over the base space, one can 
introduce the two-dimensional unit vector 

n<1 = J^y M = (#*)*• (10) 
Let us consider the first of self-duality equations (firstly, we choose the upper signs): 

Di<l> + i^e iJ i lk D k 4> = 0, (11) 

or, 

Dx4> + i^~f 21 D 1( f> + i y /jj 22 D 2 <f> = 0, 
D 2 <t> ~ i^ n D 1( f, - iy/jj 12 D 2 (t) = 0. 
Substituting Eq. into the first of the above equations , we obtain two equations 



(12) 



M 1 - V7(7 21 di0 2 + l 22 d 2 <j> 2 ) + eA^ 2 + ^(^eArf 1 + 1 22 eA 2 cf> 1 ) = 0, 

di(b 2 + Vlil 21 ^ 1 + l 22 d 2 ^) ~ eA^ 1 + ^(-f 21 eA^ 2 + ~/ 22 eA 2 q) 2 ) = 0. (13) 
Making use of the above relations, we derive: 

d x <t>*<t> ~ = -2ieA 1 ||0|| 2 + i^~f 22 (d 2 (b*(b + d 2 4>(j>*) + i^ 7 21 (5i0*0 + (14) 



VlJ 22 (d 2 (t>*0-d 2 W*) = ~2ie^ 22 A 2 \\^ 2 -i{d 1( t)*4>+di^*)-i^ 21 i 22 (d 2 (t>*4>+d 2 ^ 

(15) 

To proceed, we need a fundamental identity-one that appear many times throughout our study in the gauge potential 
decomposition theory: 

e ab n a d in b = i-L^^V - d^*), (16) 
li <p <p 

using this identity, Eq. (fH|) and Eq. ijT5|l become 

eAx = -e ab n a dm b + \-^ 1 22 d 2 ln(#*) + i V77 21 ^i ln(#*), (17) 
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3i ln(#*). 



(18) 



Making use of the relation: det{^ lJ )det{^jk) = 1, we can obtain a fundamental identity: 

^ 1 ln(^*)--V77" 1 g 2 ln(^)-- v ' V ft ln(#*) = -Z y frfd 2 ln(#*) - jrV77 U ft M#*)- (19) 
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- ^-22^1 W) - 2^7 21 % ln(#*) - 2 V7 ^ 22 7 ft ln(#*) = --V77 12 d 2 ln(#*) - ^ 



Eqs. and (|12|l can be rewritten as: 

eA t = -e ab n a d t n b + ^e ijy /j^ k d k ln(#*). (20) 

From the second of the equations (|12() . we also obtain the same conclusion. 

Following the same discussion, we obtain the similar conclusion from Di<f> — iy/jtij'y^ Dk<f> = 0: 

eA t = ~e ab n a d t n b - ± £ij ^ k d k ln(#*). (21) 

So, from the first self-duality equation Di<fi± iyjltij'f D^cf) = 0, we get 

At = -K lb n a d in b ± l eii V77 jfc 9fe (22) 

It is obvious to see that we obtain one special form of the general U(l) gauge potential decomposition in background 
curved spacetime. 



As one has showed in 
field 6 as 



, the U(l) gauge potential in flat space can be decomposed by the Higgs complex scalar 



At = Pe ab d in a n D + ftA, (23) 

in which f3 is a constant and A is a phase factor. Comparing Eq. 12211 with Eq. I|23|l . we find that the term 
^-Cij y / 77 : ' fc ft \n((/)(j>*) on the RHS of Eq. 1221) can not be expressed with the form of partial derivative, so, this term 
is not a phase factor denoting the U(l) transformation in curved space. 

IV. TOPOLOGICAL QUANTIZATION OF SELF-DUAL CHERN-SIMONS VORTICES 

Based on the decomposition of the gauge potential Ai discussed in section III, in the following, we will immediately 
give a rigorous proof of magnetic flux quantization in background curved spacetime. Using the two-dimensional unit 
vector field 1|10|) . we can construct a topological current in curved spacetime: 

J» = -^ vX d v A x = l —L e ^e ab d u n a d x n b , (24) 
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which is the special case of the general 0-mapping topological current theory [7j. Obviously, the current l|24|) is 
conserved. Following the ^-mapping theory, it can be rigorously proved that 

2tt 1 



J" = - S \4>)D^), 



(25) 



where = ^ l,x e ab d^ a d X (t) b is the vector Jacobians. This expression provides an important conclusion: J M = 

0, iff cf) ^ 0; J M 7^ 0, iff <j> = 0. Suppose that the vector field ^(cj) 1 , </> 2 ) possesses Z zeros, denoted as Zi{i — 1, ...,l). 
According to the implicit function theorem , when the zero points zl are the regular points of <fi, that requires the 
Jacobians determinant 



D 



#0. 



(26) 



The solutions of 



1 ^2 



) = can be generally obtained: x — zl(t), i = 1, 2, • • • , I, x° — t. It is easy to prove that 
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According to the <5-function theory |14| and the 0-mapping theory, one can prove that 

l 



jm= 2tt 1 ^ 2 



(27) 



(28) 
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in which the positive integer (3i is the Hopf index and r\i = sgn(D((f>/x) Zi ) = ±1 is the Brouwer degree 8l Il5j. Then 
the density of topological charge can be expressed as 



j0= 2^ 1 £ 



From Eq. (|24|) . it is easy to see that 



.7° 



So, the total charge of the system can be written as 

$ = [ B^-dx 2 = [ J°^-dx 2 =$ y>i»7i, 



(29) 



(30) 



(31) 



where $o = is the unit magnetic flux in curved spacetime, and the topological index n in Eq. 1)31(1 has the following 
expression 



(32) 



It is obvious to see that there exist I isolated vortices in which the ith vortex possesses charge — /Jiffe. The vortex 
corresponds to rji = +1, while the antivortex corresponds to )^ = — 1. One can conclude that vortex configuration 
given in Eq. (|31|l is a multivortex solution which possesses the inner structure described by expression l|32|) . 
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V. SELF-DUAL EQUATION WITH TOPOLOGICAL TERM 

In Sec. II the second Bogomol'nyi self-duality equation (JSJ) is meaningless, when the field (j> = 0. Moreover, no 
exact solutions are known for this equation. In this section, based on the decomposition of U(l), we obtain the precise 
self-dual equation with topological term. 

Firstly, based on the special form of the general U(l) decomposition of gauge potential i|22|) . we get: 

B = -^=e^e ah a i n a d j n i T ^ e^^-d^^ 1 d l ln(#*)). (33) 
Substituting above equation into the second Bogomol'nyi self-duality equation ©, we obtain: 

inin(#*) = ^\\cj>f(U\\ 2 - v 2 ) T -L^^n^n". (34) 
From Eqs. 124|) and (|25|l . we obtain the (^-function form of topological term 

^e ab d in a d 3 n b = eJ° = ^8 2 {$)D{^). (35) 
The second self-dual equation in Eq. © then can reduce to a nonlinear elliptic equation for the scalar field density 

(p = m 

n\np=^p{p-v 2 )T^-^5 2 ($)D{^). (36) 



where ^f4Tr-^=S 2 ((f>)D(^:) is the density of topological charge of the vortices. 

Comparing Eq. I|36(l with Eq. JSJ) , one can find that the conventional self-dual equation JSJ , in which the topological 
term has been ignored, is meaningless when the field cf> — 0; we get the self-dual equation with topological term, which 
is meaning when the field <fi = 0. Obviously, topological term is very important to the inner topological structure of 
the self-duality equations. 



VI. CONCLUSION 

Our investigation is based on the connection between the self-dual equation of Chern-Simons Higgs model coupled 
to background gravity and the U(l) gauge potential decomposition theory and (^-mapping theory. First, we directly 
obtain one special form of U(l) gauge potential decomposition from self-duality equations. Making use of the de- 
composition, we give a rigorous proof of magnetic flux quantization in background curved spacetime. Moreover, we 
obtain the inner topological structure of the Chern-Simons vortex, the multicharged vortex has been found at the 



8 

Jacbian determinate D{<f>/x) 7^ 0. It is also showed that the charge of the vortices is determined by Hopf indices and 
Brouwer degrees. Second, we establish the rigorous self-duality equations with topological term for the first time, in 
which the topological term is the density of topological charge of vortex: -^=<5 2 (</>)D(^) = 2eJ°. In contrast with the 
conventional self-duality equation (JSJl, one can see that the self-duality equation with topological term is valid when 
the field = 0; topological term vanishes and the self-duality equation becomes Eq. J&Jl when the field 7^ 0. 
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